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Transient Conjugate Heat Transfer Between a Laminar
Stagnation Zone and a Solid Disk

Moh'd K. Alkam* and P. Barry Butlert
University of Iowa, Iowa City, Iowa 52242

An explicit finite difference technique is used to solve the case of transient, forced convective conjugate heat
transfer between an axisymmetric incompressible laminar impinging jet and a solid disk. The solution to the
governing equations is based on the assumptions of constant physical properties and no viscous dissipation. The
hydrodynamics of the flow are considered to be steady state, whereas thermal transients take place with a step
temperature change at the jet upstream boundary condition. The unexposed bottom surface of the disk is treated
as an isothermal boundary, and the radial boundary of the disk is modeled as adiabatic. In this work, the effect
of the ratios of thermal conductivity and thermal diffusivity between fluid and solid on transient heat transfer
characteristics of the system have been investigated.

Nomenclature
H = nondimensional disk thickness, h \ V0 \ laf
h = disk thickness
Kr = ratio between the thermal conductivity of the fluid

and solid phases
L = nondimensional jet height, /| V^l/ay
/ = jet height
Q = nondimensional stagnation point heat flux, QW/QSS
Qss = stagnation point steady-state heat flux
Qw = stagnation point heat flux
R = nondimensional radial coordinate, r\ V0\laf
R() = nondimensional jet radius, r0| Vol/a/
r = radial coordinate
r(} — jet radius
T = temperature
t — time
U = nondimensional axial velocity, u/\V0\
u = axial velocity
V = nondimensional radial velocity, vl\ V0\
V() = jet velocity
v = radial velocity
Z = nondimensional axial coordinate, z| V()\laf
z = axial coordinate
ar = ratio between the thermal diffusivity of the solid

and that of the fluid
77 = similarity variable
6 = nondimensional temperature, (T — TM)/(T0 — Tx)
v = kinematic viscosity
T = nondimensional time, tVo/af
rss = nondimensional time required to reach steady-state

conditions
^ = stream function

Subscripts
f
s
ss
0

fluid phase
solid phase
steady state
fluid jet
ambient
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Introduction

T O date, a number of research articles treating transient,
forced convective heat transfer have appeared in liter-

ature. The analysis and modeling of this process has received
considerable attention since it has many engineering appli-
cations, including, the design of control systems for thermal
devices, ignition of solid propellant by impingement of a hot
gas generated by a pyrotechnic ignition device, and the treat-
ment of thermal equipment operating under transient shutoff
and startup conditions. A review of the literature shows that
the geometry employed in many of the previous research
efforts have been limited to axisymmetric channels, flat plates,
and other generalized two-dimensional geometries. The fol-
lowing paragraphs summarize the relevant articles in this area
of research, focusing primarily on theoretical studies that have
investigated the problem using both analytical and numerical
techniques.

Assuming uniform flow velocity (i.e., slug flow), Siegel1

solved the case of transient forced convection in a parallel
plate channel by an integral solution method. The case con-
sidered was that of unsteady heat transfer resulting from a
stepwise wall temperature change. Dubrovich2 also used an
integral method to solve the same case under the same bound-
ary conditions in a circular tube. Tsoi3 implemented a Laplace
transform technique to investigate the effect of an arbitrary
cross section on the heat transfer characteristics of the tran-
sient flow in a circular pipe. This work was also performed
with a step change in wall temperature. Perlmutter and Siegel4

used an integral method to solve the case of laminar transient
convective heat transfer between heated (or cooled) parallel
plates. In their work, the unsteadiness is caused by simulta-
neously changing the fluid pumping pressure and either the
wall temperature or the wall heat flux. The case was solved
with the help of the "rod model." The rod model assumes
that the fluid velocity is uniform along the channel section,
but variable in time and equal to the mean flow velocity.
Sparrow and Siegel5 introduced the well-known Poiseuille ve-
locity distribution to the energy equation to study the thermal
entrance region of a circular tube under transient heating
conditions caused by a step change in either wall temperature
or wall heat flux. The case was also solved by means of an
integral method. Siegel6 also solved the same case under the
same boundary conditions in a parallel plate channel.

Yang and Ou7 investigated the effect of arbitrary time var-
iant inlet velocity in the entrance region of both circular tubes
and plane channels. The variant inlet velocity was introduced
in Ref. 7 to generate transient forced convection. The cases
of isothermal wall temperature and constant wall heat flux
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were considered. With the aid of the above mentioned rod
model, and using an integral method, Siegel and Perlmutter8

also studied the laminar transient convective heat transfer in
a plane channel due to a variable heat flux with time and
position. Delgado Domingos9 solved the same problem in a
circular tube.

Of special interest to the present study is the solution by
Chao and Jeng10 of impinging jet flow within the stagnation
region. They obtained two asymptotic solutions, valid for small
and large times, respectively. The case was solved for a step
change in surface temperature and a step change in heat flux.
Wang et al.11 solved asymptotically both the exact energy
equation and the boundary-layer energy equation for an axi-
symmetric impinging flow in the vicinity of the stagnation
point with either nonuniform wall temperature or heat flux.
An interesting study has been performed by Liu et al.12

to investigate the stagnation-point heat transfer during
impingement of laminar liquid jets. The study covered both
the potential flow and the boundary-layer regions. Also,
the authors included the effect of surface tension on the sys-
tem, and they concluded that the surface tension has an effect
on the stagnation-point flowfield when the Weber number is
small. The aforementioned review shows briefly the main
features of the analytical investigations which have been made
in the field of transient, convective heat transfer. Clearly,
there are many other contributors in this area of interest not
cited here.

Advances in computer technology have made it possible to
expand the types of problems considered in the analytical
solutions, and treat rather complex cases using numerical so-
lution algorithms. For example, Kettleborough13 presented a
numerical solution for the case of transient laminar free con-
vection between two heated vertical plates, with constant wall
temperature. The results of Ref. 12 included entrance effects
and was solved using an explicit finite difference technique.
In addition, the author assumed that the temperature gra-
dients were small enough to neglect the density variation in
the inertial terms (Boussinesq approximation). Yang et al.14

also used an explicit finite difference method to investigate
the effect of an oscillatory surface on the transient laminar
natural convection on a vertical plate. El-Shaarawi and Alkam15

solved the problem of transient forced convection in a con-
centric annulus with a step temperature change at one wall,
and an adiabatic condition imposed on the second wall. The
case was solved by an implicit finite difference technique.

Zumbrunnen16 used the line-by-line method and a tridi-
agonal matrix algorithm to solve the finite difference equa-
tions resulting from the formulation of the case of steady-
state convective heat and mass transfer in the stagnation
region of a laminar planar jet impinging on a moving surface.
In another study, Zumbrunnen17 investigated the heat transfer
characteristics of a transient planar stagnation flow against a
stationary flat plate. Ramp and sinusoidal changes in the sur-
face heat flux, or temperature have been applied. Results
indicated that the time response is chiefly governed by the
velocity gradient in the freestream, and to a lesser extent by
Prandtl number. It should be emphasized that the numerical
studies of transient, jet impingement heat transfer cited thus
far have limited the solution of the energy equation to the
fluid phase, with prescribed boundary conditions at the fluid-
solid interface. Wang et al.,18 however, investigated the an-
alytical solution of the steady-state conjugate heat transfer
between an impinging jet and a laterally insulated disk with
arbitrary temperature or heat flux distribution prescribed on
the unexposed bottom surface. Their solution of the liquid
impingement problem is not limited to the stagnation region,
but it is performed to cover the boundary-layer region. The
results show that the heat transfer characteristics are de-
pendent on Prandtl number of the fluid, the ratio of fluid
thermal conductivity to solid thermal conductivity, the system
dimensions, and the prescribed temperature or heat flux
boundary conditions.

jet boundary

jet exit
velocity Vo

solid disk with I
infinite radius |

domain of T
| ' solution for the I

' solkj. region h

a)

jet exit

j=i=0

2 -

uid-solid
1 2 3 / interface n-ln

solid region

Ro

b) jet centerline solid disk bottom

Fig. 1 a) Schematic diagram of the system, b) finite difference net-
work in R-Z plane, and c) three-dimensional network with nondimen-
sional time simulated as a third coordinate perpendicular to the R-Z
plane.

In the present work, the unsteady conjugate heat transfer
between an axisymmetric incompressible laminar jet and a
solid disk is studied by means of an explicit finite difference
technique. The solution is carried out for the stagnation re-
gion. To simulate the transient thermal response of a solid
surface to a hot fluid jet, a temperature step at the jet outlet
is imposed while the unexposed bottom surface of the solid
disk is kept isothermal. Additional modeling assumptions im-
posed in the present solution include 1) steady-state hydro-
dynamics, 2) no viscous dissipation, and 3) constant physical
properties. In the following sections, the development of the
governing equations and a brief description of the numerical
solution algorithm are presented. The resulting model is then
applied to a typical impingement heating problem, and a study
is made of the effect of thermal conductivity and thermal
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diffusivity ratios (i.e., interphase) on the transient heat trans-
fer characteristics.

Governing Equations
Figure la depicts the geometry and coordinate system used

in the problem under consideration. A parallel axisymmetric
fluid jet with freestream velocity V0, and jet radius r0, im-
pinges on the centerline of a solid disk located at z = 0. The
jet is located a distance / above the surface of the solid disk,
and the thickness of the solid disk is identified as h. Given
the assumptions listed above, the well-known Hiemenz flow
velocity distribution19 (flow near a stagnation point) has been
adopted to model the fluid phase. Hence, the velocity field
in the fluid region is governed by the third-order, nonlinear
ordinary differential equation, resulting from the well-known
transformation of variables applied to Navier-Stokes equa-
tions.

In this analysis, the energy equations for both fluid and
solid phases have been cast in terms of temperature under
the assumptions of constant physical properties and no viscous
dissipation. The energy equations are thus given in the stan-
dard dimensionless representation as

fluid-phase

dOf
dr
^ + U Sty

dZ
vMf
Vm =

I d
dz2

d6
(1)

solid-phase

MS

All dimensionless variables appearing in Eqs. (1) and (2) are
defined in the Nomenclature.

Initial and Boundary Conditions
The initial and boundary conditions imposed for this so-

lution are intended to simulate the instantaneous introduction
of a hot fluid on the top surface of a solid disk that is initially
at certain reference temperature (T0). Initially, the nondi-
mensional temperature of the system is zero [0(R, Z, r) =
0], except at the jet outlet which is set to unity [0(R, L, r)
= 1]. The bottom surface of the solid disk, which is unexposed
to the fluid jet, is kept isothermal throughout the process
[0(R, -H,r) = 0], and the disk is considered to be laterally
insulated [80/dR(R0, Z, r) = 0]. Thus, heat loss of the disk
is only allowed through the bottom isothermal surface. These
imposed conditions in addition to the symmetry of the tem-
perature distribution at the jet centerline, and the continuity
of both temperature and heat flux at the interface, can be
summarized as follows:

(3a)

(3b)

(3c)

(3d)

(3e)

<»>
T) (3g)

Numerical Solution
The fluid velocity profiles were determined independent of

the thermal fields by solving the governing equations of Hie-

0S(R, Z, 0) - Bf(R, Z, 0) = 0
rift rlf)
^(0,Z,T) = 22f(0,Z,T) = 0

df) rlQ
^(*o,Z,T) = ^(K0 ,Z,T) = 0

Of(R, L, T) = 1
6S(R, -//, T) = 0

3 < « • « * • • » - £ I <»•» - • •»

menz flow. This was done numerically using the multiple
shooting technique for nonlinear, ordinary boundary value
problems.20 The velocity profiles have been validated by com-
parison with the results reported in Ref. 19. Once the radial
and axial components of the velocity field were calculated,
the fluid and solid phase transient energy equations were
solved using a standard finite difference technique.

In the problem under consideration, there are three inde-
pendent variables, namely, /?, Z, and r. Therefore, a three-
dimensional parallelepiped grid was imposed on the solution
domain. However, due to symmetry around the Z axis, the
solution to only half of the domain was required. Figures Ib
and Ic show the grid setup, in which T is simulated as a third
coordinate, normal to the R-Z physical plane. Mesh num-
bering has been carried out starting from an arbitrary origin,
with / progressing in the radial direction (/ = 1 at jet center-
line), j progressing in the axial direction (/ = 1 at fluid-solid
interface), and k progressing in time (k = 1 at time = 0).

The energy equations were discretized explicitly, then ap-
plied to each grid node. Variables with subscript k are known
from the previous time level, while those with subscript k +
1 are computed through a time marching process. This time
marching process updates the temperature at the new time
level (k + 1) as a function of the known values at the previous
time level (k), using standard explicit finite differencing. Sec-
ond-order central differencing has been applied to both R and
Z derivatives, whereas time derivatives have been discretized
in a standard first-order forward fashion. At the boundaries
where Neumann boundary conditions are specified (Z = 0,
R = 0, and R = /?0), a second-order, one-sided finite dif-
ferencing has been used.

To assure high accuracy, several runs of the code have been
carried out corresponding to different numbers of grid nodes.
The results have been compared to detect any considerable
changes attributed to the changes in step sizes. The final choice
was 21 radial grid points, 31 axial grid points in each of the
fluid and solid regions, and a nondimensional time step of
AT = 0.1.

To verify the numerical solution scheme, the program has
been executed for a special case of a very large solid thickness
(H/L — 1000). The results of this case compared very favor-
ably with the known analytical solution of the steady-state
heat conduction equation (linear profile).

Discussion of Results
The governing equations developed for this analysis de-

scribe 1) the («, v) velocity field of the fluid component (Hei-
menz flow analysis), 2) the thermal field of the fluid phase,
Eq. (1), and 3) the thermal field of the solid phase, Eq. (2).
Together with the prescribed boundary conditions, Eqs. (3a-
3g), the dimensionless system of equations requires the phys-
ical parameters ar, Kr, and the H/L length ratio as input. For
the first series of results presented here, values of ar = 681.8,
H/L = 10, and Kr = 0.0965 are considered. These parameters
correspond to the thermal properties of an air/coal interface.
Based on the values selected for ar, Kr, and H/L, the bottom
of the disk is located at Z = —127.8, and the jet is located
at Z = 12.78. To gain a better feeling of typical values of ar
and Kr, Table 1 is constructed for several different possible
combinations of solids and fluids. The physical properties of
the solids are taken at a temperature of 273 K, whereas those
of the fluids are taken at 298 K. The reader should be aware

Table 1 Values of ar and Kr for different
solid-fluid combinations

Fluid/solid
Argon/copper
Argon/glass wool
Water/copper
Air/coal

ar

4.41 x 10-5

0.4658
1.5162 x 10-3

0.10833

Kr

5.55
7.9 x 10-3

794.52
6.33 x 10-3
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of the fact that the present results do not apply to a com-
bustible solid at a temperature high enough to cause ignition.

Figures 2 and 3 present the nondimensional centerline (R
= 0) temperature distributions for the fluid and solid regions,
respectively. Unsteady thermal profiles at dimensionless times
of r = 5, 20, 35, 45, and 100 are shown on each graph. For
r > 100 the profiles are unchanged (i.e., steady state) with a
nondimensional temperature of unity at the jet inlet (Z =
12.78), and a value of Og = Os = 0.678 at the fluid/solid
interface (Z = 0). The in-depth thermal history of the solid
disk (Fig. 3) is characteristic of the expected response of a
finite thickness slab with time-varying heat flux at one bound-
ary condition and an isothermal condition at the second
boundary. Consistent with the classical heat conduction so-
lution for a slab, the steady-state (r > 100) solution depicted
in Fig. 3 shows that the predicted temperature distribution
through the solid disk is linear, ranging from Os = 0.678 at
the gas interface (Z = 0) to Bs = 0 at the isothermal bottom
surface (Z - -127.8).

A key parameter of interest in the present study is the
transient heat flux imparted to the cold solid disk from the
hot fluid jet. This is an important variable in assessing the

Fig. 2 History of nondimensional temperature distribution along jet
centerline (fluid region) for ar = 681.8, HIL = 10, and Kr = 0.0965.
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Fig. 3 History of nondimensional temperature distribution along jet
centerline (solid region) for <xr = 681.8, HIL = 10, and Kr = 0.0965.
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Fig. 4 Nondimensional stagnation point heat flux history for
681.8, HIL = 10, and Kr = 0.0965.

thermal response of solid materials to an instantaneous blast
of hot fluid in a direction normal to its surface. The nondi-
mensional heat flux history Q (the heat flux normalized by
its steady-state value) at the stagnation point (R = 0, Z =
0) for the baseline case is depicted in Fig. 4. The magnitude
of <2, initially at zero, increases rapidly over 5 < r < 25, and
eventually approaches the steady-state value of unity at
r > 65.

As expected, one of the physical parameters which has a
significant effect on the transient solution is the ratio of ther-
mal conductivities of the fluid and solid, Kr. The effect of Kr
on the nondimensional stagnation point heat flux is shown in
Fig. 5. As the thermal conductivity of the solid decreases (Kr
increases), it takes a longer time to reach steady-state oper-
ating conditions. In dimensionless Q-r space, however, all
three cases show a similar rate of rise in Q over the period
0 < T < 15. Decreasing the solid thermal conductivity means
effectively enhancing insulation effects on the fluid region,
which will make the heat propagation less efficient across the
interface, hence, it takes longer to reach steady state. For a
better understanding of this behavior, Fig. 6 shows the effect
of Kr on rss. It should be noted that the steady-state condition
is defined as the time when the residual reaches a predefined
error value (sr = 0.0001). The residual is defined as the av-
erage of the absolute values of the temperature change through
one time step all over the domain.

Figure 7 presents the effect of the thermal conductivity ratio
on the stagnation point temperature history, demonstrating
the relation between Kr and rss (which was discussed earlier)
and the steady-state magnitude of interface temperature 6f(T^)
= 0,(rJ.

Another important parameter which has a direct impact on
the heat transfer characteristics of transient impingement
heating, is the ratio between the thermal diffusivity of the
solid and that of the fluid ar. Figure 8 shows the effect of ar
on the time required for the system to reach steady state.
Increasing the value of ar (holding Kr constant) implicitly
means decreasing the heat capacity of the solid. As such, a
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Fig. 5 Effect of thermal conductivity ratio on nondimensional stag-
nation point heat flux.
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Fig. 6 Effect of thermal conductivity ratio on time required to reach
steady-state thermal field.
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Fig. 7 Effect of thermal conductivity ratio on nondimensional stag-
nation temperature history.
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Fig. 8 Effect of thermal diffusivity ratio on time required to reach
steady-state thermal field.
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Fig. 9 Effect of thermal diffusivity ratio on nondimensional stag-
nation temperature history.

lower heat capacity results in a faster convergence to steady-
state conditions. Figure 9 presents the effect of ar on stag-
nation point temperature history for three values of ar. As
expected, as ar increases the system reaches steady state faster
due to the decrease in solid heat capacity.

The effect of the HIL ratio on the stagnation region non-
dimensional heat flux history is exhibited in Fig. 10. To under-
stand the effect of the HIL ratio on the system under consid-
eration, it is instructive to examine the two extreme situations
corresponding to very small and very large HIL values. As
HIL approaches zero, the simulated physical problem will be
of the impingement of a fluid against a zero thickness sheet.
In this case the nondimensional stagnation region heat flux is
expected to grow from zero initially to unity at steady-state
conditions. On the other hand, as HIL approaches a very
large value (»1), the physical phenomenon is interpreted
as a step temperature change at the top of a solid disk. In
this extreme case, the nondimensional stagnation region heat
flux is maximum at the beginning of the process, then de-
creases gradually until it reaches unity at steady-state con-
ditions. Figure 10 shows the behavior of the nondimensional
heat flux for several values of HIL ratio (10, 20, 30, 40)

o.o

Fig. 10 Effect of HIL ratio on the stagnation point heat flux history.
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Fig. 11 Steady-state temperature profile in the fluid region, with
HIL = 1.0, and Kr = 0.00001 (comparison with White19).

between the two previously mentioned limits. It is clear that
for low values of HIL, the behavior of the former extreme
case dominates, while for large values of HIL, the profiles
tend to have the trend of the latter extreme case.

It is worth mentioning that Reynolds and Prandtl numbers
do not appear explicitly in the governing equations; these
parameters have been absorbed into the dimensionless vari-
ables. This was done to carry out a compact presentation of
the results. As in any forced convection heat transfer problem,
Prandtl and Reynolds numbers do influence the heat transfer
characteristics of the system. However, in the current pre-
sentation, the effect of those familiar parameters is not ex-
hibited explicitly. Another fact to mention is that the study
of the stagnation region cannot detect any radial change in
the Nusselt number in the impingement problems. However,
to do so, one must extend the domain of the solution to
adjacent regions (boundary layer and/or similarity regions) as
was done in the time-independent study by Wang et al.16

To validate the present results, the code has been executed
for a limiting case where the thermal conductivity of the solid
is extremely high (Kr = 10~5). In theory, the steady-state
temperature profile within the fluid region predicted by the
present analysis should be comparable to the well known
stagnation region temperature distribution given by White.19

The comparison depicted in Fig. 11 shows good agreement
between Ref. 19 and the present analysis for this limiting case.

Conclusions
In this work an explicit finite difference scheme has been

used to solve the problem of transient impingement heating.
The fluid was treated as an incompressible and laminar flow
with constant physical properties. Results for typical impinge-
ment cases have been presented to identify the main heat
transfer characteristics of the problem under consideration.
Among these results are histories of temperature profiles,
stagnation point heat flux, and the effect of some important
parameters (i.e., thermal conductivity ratio and thermal dif-
fusivity ratio) on heat transfer characteristics.
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